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(1) (2) (2) (1)
(1) $\Rightarrow(2)$ Del Rio, Jitomirskya, Last, Simon [5]
Fr\"ohlich-Spencer [6] multi scale analysis
1 Anderson $G\"{a} rtner-K\ddot{o}$nig [8] survey
K\"onig-Wolff [17]
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Aizenman-Molchanov [1] fractional moment method
(2) [21,13] [14]
box $\Lambda\uparrow \mathbb{R}^{d}$ (or $\mathbb{Z}^{d}$ )
$(H_{\omega}-E)|_{\Lambda}^{-1}$ $V_{\omega}(x)$
regularity
multi scale analysis 2005 Bourgain-Kenig [4]
(
Germinet-Klein [12] ) $\mathbb{Z}^{d}$
$V_{\omega}$ Anderson
random displacement model 3 $\kappa$
3
Anderson




G\"artner-Molchanov $[10|$ Anderson $\lambda_{c}$





$u(t, x)=E_{x}[u_{0}(X_{t}) \exp\{-\int_{0}^{t}V_{\omega}(X_{s})ds\}]$ (5)
$((X_{s})_{s\geq 0}, P_{x})$ $x$ $\kappa\Delta-$
$\searrow$
1
$u(t, 0)= \sum_{x}E_{0}[\exp\{-\int_{0}^{t}V_{\omega}(X_{S})ds\}$ : $X_{t}=x]$ (6)
Feynman-Kac random walk
$u(t, \cdot)$









$=\mathbb{E}\otimes E_{0}[\exp\{-t\langle L_{t}, V_{\omega}\rangle\}]$ (7)
$=E_{0}[ \exp\{\sum_{x}H(tL_{t}(x))\}]$
$H$ Jensen $\leq\exp\{H(t)\}$
$\{X_{s}=0,0\leq s\leq t\}$ $\geq\exp\{H(t)-$
$2d\kappa t\}$ $V_{\omega}(0)$ $H(t)\gg t(tarrow\infty)$
$\mathbb{E}[u(t, 0)]$ $\exp\{H(t)\}$ $u(t, 0)$ $V_{\omega}$
$x\neq y$
$\mathbb{E}[u(t, x)u(t, y)]=\exp\{2H(t)(1+o(1))\}, tarrow\infty$ (S)
$u(t, \cdot)$ “ “
$\log \mathbb{P}(V_{\omega}(O)\leq r)$ $rarrow-\infty$ regularity $H(t)$ $tarrow\infty$





$P_{0}(L_{t}(\cdot)\approx\phi(\cdot)^{2})=\exp\{-\kappa t\Vert\nabla\phi\Vert_{2}^{2}(1+o(1))\}, tarrow\infty$ (10)
$L$aplace ( Varadhan )
$\mathbb{E}[u(t, 0)]=\exp\{$ $H(t)- \inf_{\phi\in\ell^{2}(\mathbb{Z}^{d}),\Vert\phi||_{2}=1}\{\sum_{x}\kappa t|\nabla\phi(x)|^{2}-\eta(t)\hat{H}(\phi^{2}(x))\}(1+o(1))\}$ (11)
3. $\rho>0$
$\hat{H}(y)=\rho\{\begin{array}{ll}L^{-g_{-}^{\gamma}}1-\gamma if \gamma\neq 1,y\log y if\gamma=1\end{array}$ (12)
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$\gamma>1$ : $\log \mathbb{P}(V_{\omega}(O)\leq-r)$ $rarrow\infty$
Gauss (11) ( )
$\inf_{\phi\in\ell^{2}(\mathbb{Z}^{d}),\Vert\phi\Vert_{2}=1}\{\sum_{x}\kappa t|\nabla\phi(x)|^{2}+\rho t^{\gamma}\frac{\phi^{2}(x)-\phi^{2\gamma}(x)}{\gamma-1}\}$ (13)
$t^{\gamma}\gg t$ $\phi=1_{\{0\}}$ $2d\kappa t$
Feynman-Kac
$u(t, \cdot)$
$\gamma<1$ : $V_{\omega}(O)$ $\gamma>0$
essinf$V\omega$ (0) (11)
$\inf_{\phi\in\ell^{2}(\mathbb{Z}^{d}),\Vert\phi\Vert_{2}=1}\{\sum_{x}\kappa t|\nabla\phi(x)|^{2}+\rho t^{\gamma}\frac{\phi^{2\gamma}(x)-\phi^{2}(x)}{1-\gamma}\}$ (14)
$t\gg t^{\gamma}$ $\phi$ $\phi^{2}$
$\phi(\cdot)arrow r^{d/2}\phi(r)$
$r=t^{\frac{1-}{d+2-\gamma}}$





$\gamma=1$ : $\mathbb{P}(V_{\omega}(O)\leq r)=\exp\{-\exp\{-r\}\}$ (11)
$t \inf_{\mathbb{Z}\phi\in\ell^{2}(|\phi\Vert_{2}=1}\{\sum_{x}\kappa|\nabla\phi(x)|^{2}+\rho\phi^{2}(x)\log\phi^{2}(x)\}$ (16)





$\gamma>1$ $L(t)arrow 0$ $\gamma<1$
$\inf_{\phi\in L^{2}(\mathbb{R}^{d}),\Vert\phi\Vert_{2}=1}\{\int\kappa|\nabla\phi(x)|^{2}+\rho\phi^{2}(x)\log\phi^{2}(x)dx\}$ (17)
64
$\phi$ Gauss ( )
$\{V_{\omega}(x)\}_{x\in \mathbb{Z}^{d}}$
regularlity 4 van
der Hofstad-K\"onig-M\"orters [22] universality classes
$\phi=1_{\{0\}}$ single peak, $\gamma<1$ bounded, (16)
double exponential, (17) almost bounded
double exponential heavy tail Gftner-Molchanov [11], bounded
Biskup-K\"onig [3], almost bounded van der Hofstad-K\"onig-M\"orters [22]
3.2 Lifshitz tail
$H_{\omega}$
$\lambda_{i}^{\omega}(B(0, N))$ $H_{\omega}$ $N$ $i$ Dirichlet
$N( \lambda)=\lim_{Narrow\infty}\frac{1}{|B(0,N)|}\mathbb{E}[\#\{\lambda_{i}^{\omega}(B(0, N))\leq\lambda\}]$
integrated density of states 4 $\inf\sigma(H_{\omega})$
(3) $p_{t}^{\omega}(x, y)$ $\mathbb{E}[u(t, 0)]\approx \mathbb{E}$ $p_{t}^{\omega}(0,0)|$
$u(t, \cdot)$
$(V_{\omega}, \mathbb{P})$
$\mathbb{E}\lceil p_{t}^{\omega}(0,0)]=\lim_{Narrow\infty}\frac{1}{|B(0,N)|} \sum p_{t}^{\omega}(x, x)$
$x\in B(0,N)$




Tauber $N(\lambda)$ $\lambda$ 5.
Lifshitz tail effect
Anderson multi scale analysis
( $V_{\omega}(O)$ $[0,1]$ $\exp\{-c\lambda^{-d/2}\},$
$\lambda\downarrow 0$ )
integrated density of states







$B_{t}=B(0, t(\log t)^{2})$ ( $V_{\omega}$ ) Feynman-
Kac $B_{t}$




$N=t(\log t)^{2}$ $\lambda_{t}$ (18) $t_{k}=2^{k}$
Borel-Cantelli $\lambda_{1}^{\omega}(B_{t_{k}})\geq\lambda_{t_{k}}$
$\lambda_{t}$ $N(\lambda_{t})\approx t^{-d}$ $\log t$
$t_{k}$ $t_{k+1}$ $\mathbb{P}-a.e.$ $\omega$
$u(t, 0)\leq\exp\{-t\lambda_{t}(1+o(1))\}$ (21)
( $V_{\omega}(O)$ $[0,1]$ $\lambda_{t}\approx c’(\log t)^{-2/d},$ $tarrow\infty$







$\mathbb{Z}^{d}$ (20) $\mathbb{P}$ $\mathbb{E}[u(t, 0)]\approx \mathbb{E}[\exp\{-t\lambda_{1}^{\omega}(B_{t})\}]$
$\lambda_{1}^{\omega}(B_{t})$ Laplace
$\mathbb{P}(\lambda_{1}^{\omega}(B(O, Rt)$ $\leq\lambda$



















$\mathbb{E}[u(t, 0)]$ $V_{\omega}$ $u(t, 0)$
( $\lambda_{1}^{\omega}$ ) box $V_{\omega}$
$V_{\omega}$




Anderson integrated density of states A
$E$
Molchanov [19], Minami [18] (
$V_{\omega}$ ) $E$ Anderson $n( \lambda)=\frac{d}{d\lambda}N(\lambda)$
A
$\sum_{i}\delta_{|\Lambda|(\lambda_{i}^{\omega}(\Lambda)-E)}(dx)$ (22)




“ ” $\mathbb{R}\cross \mathbb{R}^{d}$ Poisson
B27: Spectra of Random Operators and Related Topics
7 [18] Aizenman-Molchanov Green
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4.2 “ ”




$\lim_{tarrow\infty}\frac{\sum_{x\in\Gamma_{t,\omega}}u(t,x)}{\sum_{x\in \mathbb{Z}^{d}}u(t,x)}=1$ , a.e. $\omega$ (23)
$\Gamma_{t,\omega}$













Single peak $\mathbb{P}(V_{\omega}(O)\leq-r)$ $rarrow\infty$
tail Lacoin-K\"onig-M\"orters-Sidorova [15]
$u(t, 0)$
$\omega$ $V_{\omega}$ extreme value statistics
$V_{\omega}$





$\{\lambda_{i}^{\omega}(B_{L})\}_{i\in \mathbb{N}}$ “ “ $\{X_{i}^{\omega}(B_{L})\}_{i\in N}$
$\sum_{i}\delta_{(\lambda_{i}^{\omega}(B_{L})+\log\log L)\log L,X^{\dot{\omega}}(B_{L})/L)}(du, dx)$ (25)
$Larrow\infty$ $\mathbb{R}\cross B(0,1)$ $e^{u}du\otimes dx$ Poisson





single peak [16] 8.
$1/\log L$
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